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Abstract 

In this paper a notion of generalized 2-vectoi space is introduced which includes 
Kapranov and Voevodsky 2-vector spaces. Various kinds of generahzed 2-vector spaces 
are considered and examples are given. The existence of non free generalized 2-vector 
spaces and of generalized 2-vector spaces which are non Karoubian (hence, non abelian) 
categories is discussed, and it is shown how any generalized 2-vector space can be 
identified with a full subcategory of an (abelian) functor category with values in the 
category VECTa' of (possibly infinite dimensional) vector spaces. The correspond- 
ing general linear 2-groups GL(VectK [C]) are considered. Specifically, it is shown 
that GL(VectK [C]) always contains as a (non full) sub-2-group the 2-group EquiV(-3,(C) 
(hence, for finite categories C, they contain Weyl sub-2-groups analogous to the usual 
Weyl subgroups of the general linear groups), and GL(VectK[C]) is explicitly computed 
(up to equivalence) in a special case of generalized 2-vector spaces which include those 
of Kapranov and Voevodsky. Finally, other important drawbacks of the notion of gen- 
eralized 2-vector space, besides the fact that it is in general a non Karoubian category, 
are also mentioned at the end of the paper. 

1 Introduction 

For the development of 1- dimensional (i.e., categorical) mathematics, where sets are sis- 
tematically replaced by categories, it would be desirable to have an analog of the usual linear 
algebra which has proved so useful in the (0-dimensional) mathematics of sets. The first 
logical step in the search of such an analog is to find a good notion of categorical vector 
space, more often called a 2-vector space. 

The notion of (finite dimensional) 2-vector space over a field K was introduced for the 
first time by Kapranov and Voevodsky jl2) . motivated by Segal's definition of a conformal 
field theory ^B]. The main point in their definition is to take the category Vectif of finite 
dimensional vector spaces over K as analog of the field K and to define a Vect/f-module 
category as a symmetric monoidal category V (analog of the abelian group underlying a 
vector space) equipped with an action of Vect/f on it (analog of the multiplication by scalars) 
satisfying all the usual axioms of a ii'-module up to suitable coherent natural isomorphisms 
(cf. ^21 for more details). Then, a 2-vector space over K is, according to these authors, a 
"free Vect/f -module category of finite rank", i.e., a Vect;<--module category equivalent in 
the appropriate sense to Vect^ for some n > (in particular, the underlying symmetric 
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monoidal category is a i^-linear additive category equipped with the symmetric monoidal 
structure induced by the direct sums). When unpacked, however, this definition is quite 
disappointing due to the long hst of required data and coherence axioms. 

A simpler and essentially equivalent definition was given by Neuchl |14| . who defined a 
(finite dimensional) 2-vector space over i^T as a if-linear additive category V which admits a 
(finite) "basis of absolutely simple objects", i.e., a (finite) subset B = {Xi}i^i of absolutely 
simple objects of V (by which I mean simple objects whose vector spaces of endomorphisms 
are 1-dimensional) such that, for any object X of V, there exists unique natural numbers 
Tii > 0, z e /, all but a finite number of them zero, so that X = (Bi£iX"\ where X"' denotes 
any biproduct of rii copies oi Xi, i G I. If such a basis B exists, it is shown that V is indeed 
if-linear equivalent to a category Vect^ for some n > 0. 

Another definition of 2-vector space over K was introduced almost a decade later by Baez 
and Crans in an attempt to define Lie 2-algebras [5]. These authors defined a 2-vector space 
over if as a category in Vect_R-, and they proved that the appropriately defined 2-category 
of such 2-vector spaces is biequivalent to the familiar 2-category of length one complexes of 
vector spaces over K. 

The purpose of this paper is to introduce a generalized notion of 2-vector space which 
is in the same spirit as that of Kapranov and Voevodsky and which includes Kapranov and 
Voevodsky 2-vector spaces. Thus, instead of categorifying the usual notion of /^-module, 
with K replaced by Vect^, we pay attention to the fact that any vector space is, up to 
isomorphism, the set K[X] of all finite formal linear combinations of elements of some set 
X with coefficients in K, equipped with the obvious sum and multiplication by scalars, 
and we categorify such a constructive definition. The starting point now is going to be not 
a set X but a category C. Then, a generalized 2-vector space over K can be defined as 
a if-linear additive category V which is if-linear equivalent to the free K-linear additive 
category generated by C, for some category C. By analogy with if [X], such a freely generated 
if -linear additive category is denoted by Vect/^ [C]. As shown below f Proposition I lt)|) . the 
if -linear additive categories Vect^ [n > 0) underlying Kapranov and Voevodsky 2-vector 
spaces are recovered (up to if -linear equivalence) as the categories Vectif [C] for C a finite 
discrete category. But not all if -linear additive categories of the type Vect^^ [C], for C an 
arbitrary category, are of this type. Thus, it is shown with examples that, in some cases, 
there also exists a basis whose objects, however, are non absolutely simple. Moreover, for an 
arbitrary category C, it is likely that there exists no basis in Vectif [C], either of absolutely 
simple objects or not. Arguments in favour of this possibility are discussed in the sequel. 

Together with the vector space if [AT], there is another vector space that can be built 
from an arbitrary set X. Namely, the vector space if"^ of all functions on X with values 
in if. For finite sets, both vector spaces are isomorphic (actually, both arc functorial and 
define functors if[— ],if*^~^ : FinSets Vecti^ which are naturally isomorphic). It is then 
natural to consider also the analog in the category setting of this vector spaces of functions, 
namely, the functor categories with values in Vect/^ , and to compare both constructions. In 
contrast to what happens with vector spaces, however, they are no longer equivalent, even if 
we restrict to finite categories. More precisely, it will be shown that, for a finite category C, 
Vectif [C] is equivalent to just a certain (full) subcategory of the functor categ ory VECT^°'. 

My motivation for introducing this notion of generalized 2-vector space was the desire of 
defining an analog for 2-groups of the (Frobenius and/or Hopf) group algebras if [G]. Thus, 
the free vector space construction if [A'] is not just functorial. It actually defines a monoidal 
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functor K\—] : Sets VECT/^, which moreover is a left adjoint of the forgetful functor 
U : VECTx Sets. The fact that K[—\ is monoidal implies that it indeed induces a 
functor K[—] : Monoids Alg^ between the category of monoids and that of associative 
/^-algebras with unit and hence, also from the category Grps of groups to Alg^^ . In a 
completely analogous way, if 2GVECTif denotes the 2-catcgory of the above generalized 
2-vector spaces, a monoidal structure on 2GVECTi^ is exphcitly described in [7] and it is 
shown that the construction Vectx[C] extends to a monoidal 2-functor Vectif [— ] : Cat — > 
2GVECTif which is a left 2-adjoint of the forgetful 2-functor U : 2GVECTif Cat. As in the 
previous setting, the fact that Vect/f [— ] is monoidal implies that for any 2-group G (more 
generally, for any monoidal category), the 2-vector space Vect/f [G] spanned by G inherits 
a 2-algebra structure. Thus, the objects Vectif [G] can indeed be considered as analogs of 
usual group algebras. 

The previous parallelism between the functor K[—\ and the 2-functor Vect/f[— ] and 
the view of VectK[G] as an analog of usual group algebras seems enough to make worth 
exploring this notion of generalized 2-vector space. It also seems worth investigating the 
representation theory of 2-groups on these generalized 2-vector spaces, and to compare the 
resulting theory with that considered in [S] , where representations on Kapranov and Voevod- 
sky 2-vector spaces are discussed. As a first step in this direction, the general linear 2-group 
GL(VectA'[C]) (i.e., the 2-group of i^-linear selfequivalences of Vect^'iC]) is completely 
computed (up to equivalence) in the special case where C is a finite (homogeneous) groupoid 
Q. In particular, it is shown that for any such groupoid the general linear 2-group is always 
split (for the definition of split 2-group, see §2.8), generalizing the situation encountered for 
Kapranov and Voevodsky general linear 2-groups, which correspond to the case Q is a, finite 
discrete category. The relation between these general linear 2-groups GLCVectifp]) and 
the 2-groups q^^{C) of self-equivalences of C and natural isomorphisms between them 
is also discussed, leading naturally to the notion of Weyl sub-2-group of GL(VectK[C]) for a 
finite category C, analogous to the Weyl subgroups of the general linear groups. 

The notion of generalized 2-vector space, however, has some drawbacks with respect 
to Kapranov and Voevodsky 2-vector spaces. One of them is the fact that generalized 2- 
vector spaces are non Karoubian (hence, non abelian) categories in general. Another one 
is that they have no dual object in the usual sense, except when they are Kapranov and 
Voevodsky 2-vector spaces. Finally, the categories of morphisms in 2GVECTif between 
arbitrary generalized 2-vector spaces are not always generalized 2-vector spaces. Althought 
on the one hand this makes the new notion a quite pathological one, it seems on the other 
hand the appropriate notion in order to define a natural analog of group algebras in the 
category setting. Another generalization of Kapranov and Voevodsky 2-vector spaces which 
exhibits a more pleasant behaviour is given by the Karoubian completion of our generalized 
2-vector spaces Vectj^ [C]. But this will be discussed elsewhere. 

The outline of the paper is as follows. In Section 2, some facts concerning A'-lincar 
additive categories and 2-groups are reviewed (notably, the classification of 2-groups in terms 
of suitable 3-cocycles), and a few elementary results needed later are shown. In Section 3, 
the notion of generalized 2-vector space is defined as an analog for categories of the vector 
spaces if [A], and various kinds of examples are considered. In particular, we introduce the 
notion of free generalized 2-vector space and discuss the possibility that there exists non free 
generalized 2-vector spaces. In Section 4, we consider the category analog of the vector space 
K of functions on a set X with values in K ^ namely the functor categories VECT"^ , and 
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make explicit the relation with the generalized 2- vector space Vectx[C] generated by C. 
Finally, in Section 5, the general linear 2-group of the generalized 2-vector space generated 
by a finite homogeneous groupoid is computed, recovering Kapranov and Voevodsky general 
linear 2-groups as particular cases. The paper finishes with a few comments on the relation 
between our generalized 2-vector spaces and the notion of Vectjf-module category and 
on the above mentioned drawbacks our generalized 2-vcctor spaces have with respect to 
Kapranov and Voevodsky 2-vcctor spaces. 

2 Preliminaries 

In this section, and unless otherwise indicated, K denotes an arbitrary commutative ring 
with unit. 

§2.1. X-linear additive categories. Recall that a category C is called A'-linear when its 
sets of morphisms come equipped with iiT-module structures such that all composition maps 
are X-bilinear. When K = "Z, C is often called a preadditive category or an Ab-category. 

For any pair of objects X,Y in a. iiT-linear category C, a biproduct (or direct sum) of X 
and Y is an object, usually denoted X Q)Y, together with morphisms lx ■ X X ®Y, 
iY ■■Y —f X®Y (called injections) and ■nx ■ X®Y ^ X, Try : X®Y —>■ Y (called projections) 
such that 

TTxtx = idx, Ti-yty = idy, lxttx + i^V^Y = idx©r (2.1) 

(althought the definition is usually given for preadditive categories, it actually makes sense 
for an arbitrary K, the multiplication by scalars playing no role in the definition). Any 
diagram in C of the form 

iX T^Y 

X , ^X®Y^ - Y 

TVx lY 

whose morphisms satisfy (|2.1ll is called a biproduct diagram. The definition extends in the 
obvious way to any finite set of objects Xi, . . . , X„ with n > 2. 

A X-linear additive category is a i^T-linear category £ which has a zero object and all 
binary biproducts (hence, all finite biproducts). A Z-linear additive category is usually 
called an additive category. 

For any finite biproduct {Xi © • • • © Xn , iXi , • ■ • , ix„ , ttxi , • ■ • , T^Xr, ) of Xi , . . . , Xn , the 
tuples {Xi © • • • © Ar„, txi, . . . , ix„) and {Xi © • • • © X„, ttxi , . . . , 7rx„) turn out to be a 
coproduct and a product of Xi , . . . , Xn , respectively. By the universal properties of products 
and coproducts, this means that the biproduct of Xi,...,Xn is unique up to a unique 
isomorphism commuting with the injections (or with the projections). Furthermore, they 
also make possible to describe a morphism / : Xi © • • • © X„ — > Yi © • ■ • © Ym between 
biproduct objects in terms of an to x n matrix with entries the composite morphisms = 
TTy / LXj ■ Xj Yi, i = 1, . . . , TO, j — 1, . . . , n. Composition is then given by the formal 
matrix product and the composition law in C. This notation, however, does not make 
explicit the injections and projections and must be used with care. 
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§2.2. The 2-category of JsT-linear additive categories. Given if -linear categories £ 
and a functor F : C ^ C is called /f- linear when it acts A'-linearly on the if- modules 
of morphisms. If if = Z, F is called an additive functor. It is shown that if-lincar functors 
F : C C map biproduct diagrams to biproduct diagrams and zero objects to zero objects. 

Definition 1 Let AdCat^' be the 2-category whose objects and 1- and 2-morphisms are the 
K -linear additive categories, the K -linear functors and all natural transformations, respec- 
tively. Composition laws and identities are the usual ones. 

Observe that AdCat^' is a K-linear 2-category, i.e., all hom-categories HoniAdCat/f i-^, -A')- for 
A and A' any objects in AdCatif , arc if-linear and the composition functors are if -bilinear. 

Among the objects in AdCat^, we have the category Mod^' of all if -modules and if- 
linear maps, and the full subcategory Mod;^. of finitely generated if-modules. If if is a field, 
these categories are denoted VECT^f and Vect/f , respectively. Objects in AdCat;^, for if a 
field, further include the categories Rep-^g^.^.^ (G) of finite dimensional linear representations 
of an arbitrary group G. 

Observe that, if A and A' are if -linear additive categories, the product Ax A' inherits a 
if -linear additive structure where biproducts are given termwise. In particular, the product 
categories Vect^, for any n > 2, are also objects in AdCati<- for K a field. Such objects 
play an special role in what follows. 

§2.3. Krull-Schmidt if-linear additive categories. There is a distinguished family of 
objects in AdCat^ characterized by the property of having a "basis". The formal definition 
is as follows: 

Definition 2 Let A be any object in AdCatjf and § = {Xi}i^i any set of objects of A. The 
if-linear additive subcategory of ^ generated (or spanned jbySis the full repletive subcategory 
of A, denoted by (§) , which contains a zero object and all biproducts Xi © • • • © Xr for all 
objects Xi, . . . , Xr in S and all r > 1 (in particular, i/S = 0, (S) is a terminal category). 
When (§) = S is said to be an additive generating system or to additively span A. 

A set of objects S = {Xi}i^j of A is called additively free if, whenever we have an 
isomorphism Xi-^ © ■ • ■ © Xi^ = Xii^ ffi ■ • ■ ffi Xii ^ with Xi^ , Xj' ^ S S for all p = 1, . . . , r and 

p' = 1, . . . ,r' (r,r' > 1), it is r = r' and Xi' = X; for some permutation cr G Sj. (in 
particular, the objects in S are non zero and pairwise nonisomorphic) . 

A (finite) set of objects B = {Jfjjig/ of A is called a (finite) basis of A if it is additively 
free and additively spans A (equivalently, if for any nonzero object X there exists unique nat- 
ural numbers Ui > 0, i S I, all but a finite number of them zero, such that X = ®jg/X"'/ 
When all objects Xi are simple (resp. simple and with 1-dimensional vector spaces of en- 
domorphisms) , B is said to be a basis of simple objects (resp. a basis of absolutely simple 
objects^ ^. 

The existence of a basis in a if-linear additive category is related to a Krull-Schmidt 
type theorem. In general, such theorems have to do with the existence and uniqueness (up 

^ If ,4 is an abelian category and K is an algebraically closed field, a simple object is automatically abso- 
lutely simple by Schur's lemma. However, this is not true in general, as it is shown below (cf. ProDositon ll9l . 
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to isomorphism and permutations) of a decomposition as a "product" of certain "indecom- 
posable" objects of some of the objects in certain categories (mostly additive categories, but 
not necessarily). The concrete notions of product and indecomposable object depend on the 
particular version of the theorem. Thus, there is a KruU-Schmidt theorem for the category 
of groups in which the product is taken to be the usual direct product of groups, and where 
the indecomposable objects are are the groups G 7^ 1 such that G ^ H x K implies that 
H = 1 or K = 1. The theorem then states that any group G satisfying either the ascending 
or descending chain condition on normal subgroups is isomorphic to a direct product of 
a finite number of indecomposable groups and that, when it satisfies both conditions, this 
decomposition is unique up to isomorphism and permutation of the factors (see for ex. [11)'). 

For if-linear additive categories, one usually takes the biproduct as the appropriate 
notion of product, and the indecomposable objects are the objects X ^ such that X ^ 
X' ® X" implies X' = or X" = 0. Clearly, if a basis B = {Xi}i^j indeed exists in such a 
category, the objects Xi arc necessarily indecomposable in this sense (otherwise, it will be 
X; = X e X' for some X,X' ^0 and, hence, = © • ■ • X,^ © X,'^ ® ■ • ■ X^'^^ for some 
k,k' > 1. in contradiction with the additive freeness of B). This suggests introducing the 
following terminology: 

Definition 3 A Krull-Schmidt iiT-linear additive category is a K-linear additive category 
which has a basis. 

Notice that any basis B in a Krull-Schmidt X-linear additive category A necessarily 
includes one (and only one) representative from each isomorphism class of indecomposable 
objects (otherwise, B will not span A additively). Hence, in contrast to what happens 
with vector spaces, the basis in a Krull-Schmidt JC-lincar additive category is unique up to 
isomorphism. More precisely, we have the following 

Proposition 4 If A is a Krull-Schmidt K-linear additive category, there exists a unique 
basis up to isomorphism, given by one representative in each isomorphism class of indecom- 
posable objects. In particular, all bases of A have the same cardinal (called the rank of A 
and denoted rk(A) ). 

Example 5 For any field K and n > 1, Vect"^ is a Krull-Schmidt i^-linear additive cat- 

i) 

egory, a basis being given by B = {K{i, n), i = 1, . . . , n}, with K{i, n) ~ {0, . . . , K, . . . ,0) 
for all z = 1, . . . , n. 

Example 6 If X is an algebraically closed field and G a finite group, RepvectK- (^) ^-l^o a 
Krull-Schmidt K-linear additive category, a basis being given by one representative in each 
isomorphism class of simple objects, usually called the irreducible representations (there are 
as many such isomorphism classes as conjugacy classes in G; see, for ex., Fulton-Harris jlU|). 

Let us finally point out that Krull-Schmidt if -linear additive categories can also be char- 
acterized in terms of the commutative (additive) monoid with the isomorphism classes of 
objects as elements and with the sum induced by the biproduct of corresponding represen- 
tative objects. Specifically, if we denote by M(^) this monoid, for any if-linear additive 
category A, we have the following obvious result: 
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Proposition 7 A K -linear additive category A is of the KruU-Schmidt type if and only if 
M{A) is free. 



For example, for n > 1 it is M(Vect^-) = W\ while M(RepvectK- (<^)) - ^^"^ '^i*!^ ^ ^^e 
number of conjugacy classes in G. 

§2.4. Free X-linear categories. For any category C, the free if-linear category (or free 
preadditive category when K — Z) generated by C is the X-lincar category K[C] with the 
same objects as C, with vector spaces of morphisms 

HomK[c](^,^') A-[Homc(X, X')] 

and with composition law given by the A'-bilincar extension of the composition law in C 
(identities are the obvious ones). 

There is an obvious inclusion functor kc ■ C K[C], and the pair {K[C],kc) has the 
following universal property, which follows from the universal property of free if-modules: 
for any JC-linear category C and any functor F : C ^ C, there exists a unique if-linear 
functor F : K[C] £, called the AT-linear extension of F, such that F = F kc- Furthermore, 
any natural transformation t : F ^ G : C —>■ C defines a natural transformation between 
the iiT-linear extensions f : F ^ G. 

Note also that the construction K[C] preserves coproducts, i.e., for an arbitrary family 
of categories {Ci}iei it is 

K [U,e/C,] U^ei K[C^] (2.2) 

K 

where denotes i^-linear equivalence and U denotes the coproduct of A"-lincar categories, 
given by the usual disjoint union of categories except that for pairs of objects in different 
categories the corresponding hom-sct in the coproduct is the zero vector space, instead of 
the empty set. 

In general, it is possible that non isomorphic objects in C become isomorphic in A'[C]. 
This suggests introducing the following 

Definition 8 A category C is called K-stzh\e if isomorphic objects in K[C] are also isomor- 
phic in C. 

Examples of categories which arc A"-stablc for any K include all groupoids and all free 
categories. Another example which will be needed later (see Lemma is provided by the 
following 

Proposition 9 Let C be a category such that, for any object X of C, an endomorphism 
f : X ^ X is an isomorphism if and only if it is a monomorphism. Then, C is K -stable for 
any AT. 

Proof. Suppose X,Y are isomorphic objects in K[C], and let '^^Xifi : X Y he an 
isomorphism, with inverse /^jffj '.Y ~^ X. In particular, it is 
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Since the hom-sets in C constitute linear bases for the corresponding vector spaces of mor- 
phisms in K[C], it follows that there exists pairs (ioj jo) and (zi, ji) such that gj„,fia = idx 
and fi^gji = idy- In particular, both fig and gj-^ are sections (hence, monomorphisms) and 
consequently, the composite figgji : X —> X is a monomorphism. By hypothesis, figgj^ is 
then an isomorphism, from which we conclude that fi^ is an cpimorphism. But a section 
which is at the same time an epimorphism is necessarily an isomorphism. Therefore, X = Y 
already in C. □ 

Let us finally remark that, when the category C is already ii'-linear, the /^-linear structure 
on K[C] has nothing to do with that on C. Thus, it is a priori possible that the biproduct of 
two objects X, Y exists in C while it docs not exist in K[C], and conversely. Similary, there 
is no zero object in K[C] althougt it may exists one in C. 



§2.5. Free additive categories. Suppose we are now given a /\-linear (a prcadditive 
when K = 1) category C. The free additive category generated by C is the category Add(£) 
with objects all finite (possibly empty) ordered sequences of objects in C and with arrows 
the matrices of arrows in C. More explicitly, a morphism in Add(£) between two nonempty 
sequences (^i, . . . , Xn) and (X(, . . . , X'^,) is an n' x n matrix A whose (i', i)-entry is Aiii G 
Hom£ {Xi , X[, ) (if one or both sequences are empty, the corresponding hom-set is a singleton, 
whose element is generically denoted by and called a zero morphism) . Composition is given 
by the formal matrix product and the composition law in C when all involved objects are 
nonempty, it is equal to the appropriate zero matrix when only the middle object is empty 
and it is the corresponding zero morphim otherwise. 

Add(/3) has the obvious A'-linear structure inherited from C and the empty sequence 
as a zero object, and it is an additive category, with biproducts given, for example, by 
concatenation of sequences. There may exists, however, other zero objects (for instance, if 
C has a zero object 0, any sequence (0, . . . , 0) is also a zero object for Add(£)), and other 
biproducts (for instance, if X, X' already have a biproduct X (B X' in £, a biproduct of 
(X) and {X') is also given by the length one sequence {X X'); see Proposition llU|) . Note 
also that any sequence (Xi, . . . ,Xk) of length n > 2 can be thought of as the object part 
of a biproduct of the length one sequences Si = (Xi), . . . , Sk = (Xk), and that the matrix 
A = (Aiii) giving a morphism (Xi,...,X„) {X[, . . . , X'^,) coincides with the matrix 
representation of A with respect to the corresponding projections and injections. 

Two easy facts concerning free additive categories and which will be useful in the sequel 
are the following: 

Proposition 10 Let C, L' he K -linear categories. Then: 

(i) There is a K-linear equivalence Add(£) x Add(£) Add(£ U C), where U denotes 
the coproduct of K-linear categories (see %2.4-)- 

(a) For any objects X,Xi, . . . , X„ in C, the following statements are equivalent: 

(a) (X) = (Xi,...,X„) inAddiC). 

(b ) The biproduct of Xi , . . . , Xn exists in C and X = Xi © • ■ • © X„ . 
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Proof. A if-linear equivalence E : Add(£) x Add(£') Add(£ U C) is the functor which 
maps the object ((^i, . . . , Xn), {X[, . . . , X!^,)) to {Xi, . . . , X„, X[, . . . , X^,) and a morphism 
{A, A') to the morphism A® A' , the usual direct sum of matrices. Such a functor is indeed 
essentially surjective because any object {Yi, . . . , Ym) in Add(£ U £') is isomorphic to any of 
its permuted sequences. The proof of (ii) is an easy check left to the reader. □ 

A feature worth emphasizing of the free additive categories Add(£) is that the associated 
monoid M(Add(£)) is not necessarily equal to the free commutative monoid generated by 
the isomorphism classes of objects in C. Thus, for an arbitrary A'-linear category £, it may 
happen that two objects (Xi,...,X„) and {X[, . . . , X'^^,) in Add(£) are isomorphic even 
when n ^ n' . Examples of this naturally arise when C is already an additive category, as 
shown by the previous Proposition. Actually, it seems to be false that Add(£) is always a 
KruU-Schmidt A'-linear additive category, in spite that it is freely generated as an additive 
category. 

Finally, let a£ : £ — > Add(£) be the X-linear embedding mapping C into the full subcat- 
egory with objects the length one sequences. Then, the pair (Add(£),a£) has the following 
universal property, which justifies the name given to Add(£): 

Proposition 11 For any K-linear additive category A and any K -linear functor F : C ^ 
A, there exists a K -linear functor F : Add(£) — > A, unique up to isomorphism, such that 
F = F ac (we shall call F a A'-linear extension of F). Furthermore, given a second K-linear 
functor F' : C A, a natural transformation t : F ^ F' and any K-linear extensions F 
and F' of F and F' , respectively, there exists a unique natural transformation t : F =^ F' 
extending r (i.e., such that r = f o la^), and f is an isomorphism if t is an isomorphism. 

§2.6. Notion of 2-group and the 2-category 2Grp of 2-groups. There are various 
definitions of (weak) 2-group, depending on the amount of structure assumed on it. In this 
paper, by a 2-group (also called a categorical group) we shall mean a monoidal category 
{G,(^, I,a,l,r) satisfying the following additional conditions: (1) G is a groupoid, and (2) 
any object A of G is invertible, in the sense that the functors — (g) A, A ® — : G — > G 
are equivalences. When the monoidal category is strict (i.e., a, I and r are identities) and 
any object A is strictly invertible, in the sense that the functors — ^ A, A (g) — are not 
only equivalences but isomorphisms, the 2-group is said to be strict. For example, if £ is any 
bicatcgory and X any object of £, the category EquiVg-(Ar) with objects the autocquivalcnccs 
f : X —>■ X and morphisms all 2-isomorphisms between these is a 2-group, the composition 
and the tensor product being respectively given by the vertical composition of 2-morphisms 
and the composition of 1-arrows and horizontal composition of 2-arrows, and with idx as 
unit object (actually, any 2-group is of this type for some bicatcgory £ and some object X of 
£). In case £ is a strict 2-category, the full subcategory Autc{X) of Equ\v^{X) with objects 
only the strict invertible endomorphisms of X is a strict 2-group. 

2-groups are the objects of a 2-category 2Grp, whose 1-arrows are the monoidal functors 
between the underlying monoidal categories and whose 2-arrows arc the monoidal natural 
transformations between these (for the precise definitions, see for instance [S]). It is shown 
that any 2-group is equivalent (in 2Grp) to a strict 2-group. 

§2.7. Classification of 2-groups up to equivalence. It is a fundamental result in the 
theory of 2-groups, first proved aparently by Sinh ^Jj, that these are completely classified 
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(up to the corresponding notion of equivalence in 2Grp) by triples {G,M,[a]), with G a 
group, M a G-module and [a] S H^{G,M). For a given 2-group G, the corresponding 
group G and G-module M are usually denoted by 7ro(G) and 7ri(G) and called the homotopy 
groups of G. They are respectively equal to the group of isomorphism classes of objects of 
G (with the product defined by [^][-B] = [Aoi?]) and the group AutG(-f) of automorphisms 
of the unit object (it is an abelian group with the product given by the composition of 
automorphisms) . A basic feature of 2-groups is that they are "homogeneous" , in the sense 
that 7ri(G) = AutG(^) for any object A of G. There are two particularly important such 
isomorphisms of groups, denoted 6a and and defined by 

Sa{u) = TAO (idA'Siu) or^^, ^Aiu) = Ia ° (u ^ ^^a) o Ia^ (2.3) 

for all u G 7ri(G). In terms of these isomorphisms, the action of 7ro(G) on 7ri(G) is given by 

[A]-u^j^\Sa{u)) (2.4) 

for any representative A e [A]. Finally, the cohomology class [a] £ i/'^(7ro(G), 7ri(G)) 
classifying G (also called the Postnikov invariant of G; see ^) is basically determined 
by the associator a of the underlying monoidal category. More explicitly, let us choose 
a representative Ag for each class g = [Ag] e 7ro(G), and for any other object A' g g, 
choose an isomorphism la' '■ A' Ag, with la = id^ • Then, a classifying 3-cocycle 

"(51,52,53) = 7Ag\,,,3(affi,S2,s3) e 7ri(G) (2.5) 
with ag^^g.^,g^ S AuIq {A g ^ g.^ g^) dcfincd by 

"si, 92, 93 = Mg,®Ag,g3 o (idA,^ ® ^A,^(SA,.Jo aA^^,A,^,A,^ O {laI,0A,^ ® ^^A,^) ° ^aI,,^(SA,^ 

(2.6) 

As a consequence of the pentagon axiom on a, it is seen that the map a : 7ro(G)'^ 7ri(G) 
defined in this way is indeed a (normalized) 3-cocycle, whose cohomology class turns out to 
be independent of the chosen representatives Ag and isomorphisms la' ■ 

§2.8. Split 2-groups. A particularly simple type of 2-groups are those for which the 
Postnikov invariant is trivial, i.e. [a] ~ 0. It is easily seen (cf. |H1) that these are exactly 
the 2-groups equivalent (in 2Grp) to skeletal strict 2-groups, i.e., to strict 2-groups whose 
underlying categories are skeletal (isomorphic objects arc equal). These 2-groups are called 
split because a strict 2-group is of this kind when a certain exact sequence of 2-groups splits. 
Specifically, for any group G and any abelian group A, let G[0] be the group G thought of as 
a discrete 2-group, and let A[l] be the group A thought of as a 2-group with only one object 
and A as group of automorphisms of the unique object. Then, for any 2-group G there is 
an inclusion of 2-groups 7ri(G)[l] ^ G and a "projection" morphism p : G — > 7ro(G)[0], the 
last one mapping each object A of G to the corresponding isomorphism class [A]. Together, 
they define a sequence of 2-group morphisms 

l->7ri(G)[l]^G^7ro(G][0]^l (2.7) 

which is exact in the sense that 7ri(G)[l] is equivalent to the kernel of p (i.e., the homotopy 
fiber of p over the unit object [/] of 7ro(G)[0]). We have then the following: 
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Proposition 12 Suppose G is a strict 2-group (as pointed out before, this implies no loss 
of generality). Then, if there exists a strict section for the exact sequence \2. 7| ) (i.e., a strict 
monoidal functor S : 7ro(G)[0] G such that pS = «(i^o(G)[o]A split. 

Proof. The existence of such a strict monoidal functor S amounts to the existence of a choice 
of representatives Ag compatible with the tensor product, i.e., such that Ag-^g.^ — Ag^ ® -^gn 
and Ae = /. In this case, it readily follows from (|2.5|l . (|2.()|) and the fact that G is 

strict that a maps each triple (51,527,93) to the identity of 7ri(G) and hence, [a] =0. □ 

Note that for strict 2-groups G, not only 7ro(G) but also the set |G| of objects of G 
inherits a group structure given by the tensor product. In these cases, the group 7ro(G) is 
nothing but the quotient of |G| modulo the normal subgroup of objects isomorphic to the 
unit object J of G (see 0, §3.7). The existence of the above strict section S : 7ro(G)[0] G 
then corresponds to the existence of a group morphism section s : 7ro(G) ^ |G|. 

3 The 2-category 2GVECT^ 

From now on. K denotes an arbitrary field. 

§3.1. Notion of generalized 2-vector space, universal property and stability 
under categorical products. For any nonempty category C, let 

VectA'[C] := Add(i^[C]) 

Thus, an object in Vectx[C] is any finite (possibly empty) ordered sequence {Xi, . . . , X„) 
{{Xi)n for short) of objects of C, with n > 0, and a morphism between two nonempty objects 
{Xi)n and (X^,)n' is an n' x n matrix A — {Ai'i) with (i',i)-entry Ain £ K[llomc{Xi, X^,)], 
i.e., of the form 

a=l 

where /"j : Xi X[, is a morphism in C for all a. Composition is given by the composition 
law in C (extended if-bilinearly) and the formal matrix product. Observe that the empty 
sequence is the unique zero object of Vect/f [C], because K[C] has no zero object. Finally, 
we shall agree that Vect/f [0] is the terminal category 1. 

Vectifp] may be thought of as an analog of the vector spaces K[X] constructed from 
arbitrary sets X (more properly, it is an analog of N[X]). The fact that any vector space 
is of this kind up to isomorphism suggests the following definition of generalized 2-vector 
space: 

Definition 13 A generalized 2-vector space over K is a K-linear additive category V which 
is K-linear equivalent to Vecti<-[C] for some category C. When C is finite, Vect/i-[C] is called 
a finitely generated generalized 2-vector space. In particular, terminal categories (isomorphic 
to VectA'[0]y' are called zero 2-vector spaces. 
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Generalized 2-vector spaces have the fohowing universal property, which is an immediate 
consequence of the universal properties of the pairs {K[C],kc) and {A<id{K[C]),aK[c]) and 
the analog of the fact that a if -linear map between vector spaces is uniquely determined by 
the image of a basis: 

Proposition 14 For any category C, let (3c '■ C Vect/f [C] denote the canonical embedding 

given by the composite C ^ K[C] Vectjf [C]. Then, for any K -linear additive category 
A and any functor F : C ^ A, there exists a K -linear functor F : Vectii-[C] — > A (called a 
.ftT-linear extension of F), unique up to isomorphism, such that F — F [3c- Furthermore, given 
a second functor F' : C ^ A, a natural transformation (resp. isomorphism) t : F ^ F' and 
any K -linear extensions F and F" of F and F' , respectively, there exists a unique natural 
transformation (resp. isomorphism) f : F ^ F' such that t — f o If-}^ . 

It readily follows from this universal property that, for any category C and any if-linear 
additive category A, there exists a /ST-linear equivalence 

HomAdCatK(VectA'[C],^) Homcat(C,^) 

Furthermore, it is easily seen that the construction Vectj^ [C] extends to a 2-functor Vect;^ [— ] 
Cat AdCatx (for details, see |7]). Thus, if C and C are equivalent categories, the cor- 
responding generalized 2-vector spaces Vectif [C] and Vectif [C] are also equivalent objects 
in AdCatif. Hence, it can be assumed without loss of generality that all involved categories 
are skeletal. 

Note also that generalized 2-vector spaces are stable under finite products. More explic- 
itly, we have the following 

Proposition 15 For any categories Ci, . . . ,C„ there is a K -linear equivalence 

Vect^pi] X • • • X VectK[Cn] VectK[Ci U • • • U C„] (3.2) 

In particular, the cartesian product of a finite number of generalized 2-vector spaces is a 
generalized 2-vector space. 

Proof. It is a direct consequence of (|22Il and Proposition UnKi). □ 

§3.2. Kapranov and Voevodsky 2-vector spaces. The simplest examples of general- 
ized 2-vector spaces are those generated by finite discrete categories. These turn out to be 
the iiT-linear additive categories Vect^ {n > 0) underlying usual Kapranov and Voevodsky 
2-vector spaces. More generally, for any (non necessarily finite) set X and any if-linear 
additive category A, let A®'^ be the full subcategory of HajeY^ with objects the ordered 
sequences {Ax)xex of objects in A such that = (the zero object) for all but a finite 
number of x € X . Then, we have the following 

Proposition 16 For any set X , let X[0\ denote the corresponding discrete category. Then, 
VectK[X[0]] c::iK Vect^'^, where c^k means K-linear equivalence. In particular, for a finite 
set X of cardinal n > 1, it is VectK[X[0]] ~k Vect^. 



12 



Proof. Let Mat/<- be the category with objects the natural numbers and morphisms between 
non zero objects n m the mx n matrices with entries in K. Mat^ is /C-Unear equivalent 
to Vect/f, so that it is enough to see that Mat^'^ ~if Vectii-[X[0]]. Such an equivalence 
is defined as follows: 

• map the object {kx)x£X of Mat^'^ to the finite sequence (x, x)x(^x (in particular, 
the zero object (. . . , 0, . . .) is mapped to the empty sequence); 

• map the morphism {Ax)xgx ■ ikx)xex — > {k'^)xGX, with Ax a. k'^ x kx matrix, to the 
morphism A : {x,':':\,x)x(iX {x,h],x)xi^x given by 

/ Ax, ■■■ 



A- 



V ••• Ax,^ 



where the elements x ^ X for which kx,k'^ ^ (here, the entries 

in Ax^ have to be thought of as the corresponding scalar multiples of id^,; , for each 
i = 1, . . . 

The functor so defined is clearly fully faithful and it is essentially surjective because any 
nonempty sequence (x^^ , . . . ,2;^^) is isomorphic in Vect^f [X[0]] to any one of its permuted 
sequences. □ 

A fundamental feature of the finitely generated 2-vcctor spaces Vect^ (n> 1) is that 
they have a finite basis of absolutely simple objects (sec Definition |2Jl, given by B = 

{i5r(i, n)}"^^, with K{i,n) = {0, . . . , K, . . . ,0), i = l,...,n (see Example E)). In fact, 
this property characterizes them up to /T-linear equivalence. Indeed, any iiT-linear additive 
category A having a finite (possibly empty) basis of absolutely simple objects turns out to 
be if-linear equivalent to Vect^^ for some ti > 0. This suggests introducing the following 

Definition 17 A generalized 2-vector space V is called an absolutely simple free 2-vector 
space if it has a basis of absolutely simple objects. If moreover, the basis (which is unique 
up to isomorphism by Proposition^ is finite, V is called of finite rank or a Kapranov and 
Voevodsky 2-vector space. 

Example 18 More examples of generalized 2-vector spaces of the Kapranov and Voevod- 
sky type are given by the above mentioned representation categories of finite groups; see 
Example IHl 



§3.3. Generalized free 2-vector spaces. Not every generalized 2-vector space is a 
Kapranov and Voevodsky 2-vcctor space. For example, there exists generalized 2-vector 
spaces which have a basis but whose basic objects are non absolutely simple. Among such 
generalized 2-vcctor spaces, we have those generated by non trivial monoids. Specifically, 
let M[l], for any monoid M, be the category with only one object * and the elements of M 
as morphisms. Then, we have the following 

Proposition 19 For any non trivial monoid M, B = {(*)} is a basis of non absolutely 
simple objects for Vect/s-[7\/[l]]. 
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Proof. § = {(*)} clearly spans additively the category Vect/f [M[l]], so that we only need 
to see that it is additively free, which in this case means to see that Vect/f [M[l]] is skeletal, 
i.e., that (*, *) = (*, *) implies k = k' . To see this, observe that a morphism A = 
{min) : (*,.*:•'., *) (*,.''.''.,*) can be thought of as a X [A/] -linear map between the free 
iir[M]-modules K[M]'' and K[M]'' , with the composition in Vectif[M[l]] corresponding to 
the composition of linear maps. Hence, the condition (*, *) = (*, ^.\^ *) in VectA'[M[l]] 
is equivalent to the condition K[MY — KlM]^ as free if[M]-modules. The result follows 
then from the fact that the ring Jir[M] has the invariant dimension property ^, and this 
in turn follows from the fact that ii'[M] has a homomorphic image, namely which is a 
division ring (see Hungerford Ch. IV, §2). Furthermore, (*) is clearly a non absolutely 
simple object because it has /sr[M] as vector space of endomorphisms, which is of dimension 
> 1 for any non trivial monoid M (if M is trivial, we recover Kapranov and Voevodsky 2- 
vector space Vect/f ). In fact, (*) is neither a simple object, because any element a € K[M] 
which is left cancellable but not a unit defines a monomorphism a : (*) {*) which is not 
an isomorphism. □ 

This suggests introducing the following more general notion of a free 2-vector space: 

Definition 20 A generalized 2-vector space V is called free when the underlying K-linear 
additive category is of the Krull- Schmidt type (i.e., it has a basis, possibly of non absolutely 
simple objects). If it has a finite basis, it is caZ/ed of finite rank (equal to the cardinal of any 
basis). Otherwise, it is called of infinite rank. 

Notice that, defined in this way, a generalized free 2-vcctor space may simultaneously 
be non finitely generated and of finite rank. For instance, if M is a non finite monoid, it 
follows from the previous result that Vectif [M[l]] is a non finitely generated free 2-vcctor 
space of rank one. 

Generalized free 2-vector spaces, as well as generalized free 2-vector spaces of finite rank, 
constitute a subclass of the class of all generalized 2-vector spaces which remains stable 
under finite products, i.e. 

Proposition 21 //V, V are both (finite rank) free 2-vector spaces, with bases B = {Xi\i^i 
and B' = {X[,}ii^ii , respectively, then V x V' is also a (finite rank) free 2-vector space, with 
basis B U 1' = {(X^, 0')}ig/ U {(0, X^,)},^er (0 and 0' stand for zero objects in V and Y' , 
respectively) . 

Proof It is easy check left to the reader. □ 

The above examples Vect/f [M[l]] of generalized finite rank free 2-vector spaces which 
arc not of the Kapranov and Voevodsky type are special cases of the following 

Proposition 22 For any category C with finitely many isomorphism classes of objects and 
such that }louic{X, X') = when X ^ X' , Vectif[C] is a generalized finite rank free 2- 
vector space, a basis being given by any family of length one sequences {(Xi), . . . , 
with {Xi, . . . ,Xn} a set of representative objects of C. 

^Recall that a ring R is said to have the invariant dimension property if for any free i?-moduIe _F, any 
two bases of F have the same cardinality. 
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Proof. Let {Xi, . . . ,X„} be any set of representative objects in C. Since Homc(X, X') = 
when X ^ X', we have C ~ U^^^ M,[l], where M, = Endc(X,) (i = 1, . . . , n). Then, the 
statement readily follows from Proposition llSI [T^ andl^ □ 

Finally, observe that, besides the universal property in Proposition I14L generalized free 
2-vector spaces satisfy the following additional universal property: 

Proposition 23 Let Y be a generalized free 2-vector space, with basis B, and let Vi be the 
full subcategory ofY with B as set of objects. Then, for any K -linear additive category A and 
any K -linear functor F : Vb — > A, there exists a K -linear functor F : Vect/f[C] — > A (called 
also a if-linear extension of F), unique up to isomorphism, such that F ~ F Pc- Furthermore, 
given a second K-linear functor F' : Vb A, a natural transformation t : F ^ F' and 
any K-linear extensions F and F' of F and F' , respectively, r extends uniquely to a natural 
transformation t : F =^ F' . 

Proof. It is left to the reader. □ 



§3.4. On the existence of generalized non-free 2-vector spaces. At this point, the 
question naturally arises whether any generalized 2-vector space is free ^ . 

Vect^[C] always has an additive generating system, whatever the category C is. For 
instance, the set of all length one sequences. Moreover, since the empty sequence is the 
unique zero object in Vectj^[C], all indecomposable sequences S are of length one. Hence, 
determining if it indeed exists a basis in Vectjf [C] and finding it explicitly involves in the 
following two steps: (1) to determine which length one sequences are indecomposable, and 
(2) to see that the indecomposable length one sequences are indeed additively free. 

As regards the first step, note that in all examples of generalized free 2-vector spaces 
considered until now (as well as in those considered in §3.5), all length one sequences turn 
out to be indecomposable, so that a basis is given by any representative set of objects of C 
(see Proposition 2J). 

The following result gives sufficient conditions on C, different from those in Proposition l22l 
and Proposition 1261 below, which ensure that all length one sequences are also indecompos- 
able: 

Proposition 24 Let C be a category all whose hom-sets are finite (in particular, C may be 
a finite category, but not necessarily) and such that all monomorphisms f : X X are 
isomorphisms for any object X in C. Then, all length one sequences (X) are indecomposable 
objects of 'VectxlC]. Consequently, i/ Vect/f [C] has a basis for such a category C, it is 
necessarily given by any family of length one sequences B = {{Xi)}i(zi with {Xi}iizi a set of 
representative objects ofC. 

Proof. Let us first see that, for any object X oi C, X is not a biproduct in K[C] of objects 
all of them nonisomorphic to X (either in K[C] or in C, because the isomorphism classes of 
objects are the same in both categories by Proposition^. Indeed, suppose AT is a biproduct 
(in if [C]) of Xi, . . . ,Xn, and let ife : Xk X and iTk : X ^ Xk be the corresponding 

^Conversely, we can ask whether any KruU-Schmidt /f-Hnear additive category is a generahzed 2-vector 
space. 
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injections and projections, with lu = J^i^kifki and nk = fJ'kjgkj, where fki : Xk ^ X 
and gkj ' X — > Xk are morphisms in C and Xki, Hkj G K. They are such that 

TTfctfc^idxfc, fc=l,...,n (3.3) 

n 

tfcTTfc = idx (3.4) 

Then, it follows from l|3.3|l that jXkilJ'kjigkjfki) = idxt foi' all ^ = l,...,n. But 
Endi^[C](^fc) is the vector space with basis Endc(^fe) and hence, for each k = l,...,n, 
there exists at least one pair {ik,jk) such that gkjufkik = idxfc- In particular, fki^ is a sec- 
tion. Similarly, it follows from H3.4|l that ^ ^ ^kifJ-kjifkigkj) = idx and hence, there exists, 
for at least one value of k, at least one pair (ij^, j^) such that fki'^gkj',, = idx- In particular, 
gkj'^ is also a section (hence, a monomorphism) . The argument is now the same we have 
made to prove Proposition |51 Namely, the composite fkikgkj',, '. X ^ X is a, monomorphism 
and consequently, an isomorphism by hypothesis. This implies that /^i^ : Xk — > X^ which is 
a section, is also an epimorphism and hence, an isomorphism. Therefore, at least one factor 
Xk is isomorphic to X in C. 

Suppose now that {X) is decomposable in Vect/f [C], i.e., {X) = S®S' for some sequences 
5, S" in Vectifp] both of length > 1. This means that there exists objects Xq, . . . , Xk in C, 
with fc > 1, such that {X) = {Xo,Xi, . . . ,Xk) in VectA'[C]. According to Proposition 1101- 
(ii), however, this holds if and only if the biproduct of Xo,Xi, . . . ,Xk exists in K[C] and 
Xq (B Xi ® ■ ■ ■ (B Xk ^ X (in i^[C]). It follows then from the previous observation that 
X = Xi for at least one i € {0,1, . . . , k}. Let us assume that X = Xq. Then, for any other 
object y in C, we have a linear isomorphism 

RouiKic] (X, Y) = Homj^[c] {X ® Xi ® ■ ■ ■ ® Xk,Y) 



I.e. 



K[EomciX,Y)] = K[}lomciX,Y)] © [Homc(X„ F)] j 

Since all involved hom-sets are finite, this is an isomorphism of finite dimensional vector 
spaces. Hence 

dim^ |^0X[Homc(X„y)]^ =0 

for any object Y, which implies k = 0, in contradiction with the fact that fc > 1. □ 

Example 25 Take C = Matp^, the category of matrices with entries in the finite field 
of q elements. This category satisfies none of the conditions stated in Propositions 1221 or 1261 
However, all its hom-sets arc finite, and an endomorphism A : n — > n is a monomorphism if 
and only if it is an isomorphism. Hence, by Proposition l24l all length one sequences (n), with 
n > 1, are indecomposable objects in Vect/f [Matp^]. Note that this is not in contradiction 

n) 

with the fact that n ~ 10 • • • ©1 in Matp, , because (n) = (1, 1) is equivalent to this 
equality in X [Matp^ ] , not in Matp^. 
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In general, however, it is false that all length one sequences are indecomposable. For 
instance, this is not the case if C is already additive (see Proposition ^|-(ii)). Furthermore, 
we have already pointed out in §2.5 that, for an arbitrary i^T-linear category £, the monoid 
M(Add(£)) is not always isomorphic to the free commutative monoid generated by the 
isomorphism classes of objects in C. 

As regards the second step above, notice that it is equivalent to the essential uniqueness 
part in a KruU-Schmidt theorem for these kind of X-linear additive categories. 

There are several versions of this theorem, concerning various types of ii'-linear additive 
categories. The classical version, which goes back to Schmidt (1913) and KruU (1925), refers 
to the abelian categories of modules over a commutative ring with unit K, and it states that 
any i^T-module of finite length (more generally, any iiT-module which is a direct sum of 
A'-modules with local endomorphism rings) decomposes as a direct sum of finitely many 
indecomposables and that the decomposition is unique up to isomorphism and permutation 
of the direct summands (see for ex. ^H] or ^Hl)- The result was later shown for the categories 
of sheaves by Atiyah 0. More generally, he proved that in any exact category satisfying a 
suitable finitcness condition (called the "bichain condition"), each object has an essentially 
unique decomposition as a finite direct sum of indecomposables. A third version can be found 
in [Sj (p. 20), where the essential uniqueness of the decomposition for objects analogous to 
the above is demonstrated for any Karoubian additive category (i.e., any additive category 
where all idempotents split). 

Althought our categories Vectx[C] are i^-linear additive, in general they are neither 
Karoubian nor exact (see §3.6), so that none of the above three versions applies. Moreover, 
the proofs of the essential uniqueness in these three versions make essential use of the 
fact that the endomorphism rings of the involved indecomposable objects are local, while 
our endomorphism rings Endvectjc [c] (A^) = A'[Endc(A)] need not be local, even for finite 
categories C. 

This suggests that our generalized 2- vector spaces Vect i4-[C] will have no basis in general, 
even if we restrict to finite categories C (with more than one object, of course), and that two 
notions of freeness should be distinguished in the category setting. A notion of "external" 
freeness, when the category is a free object in the appropriate 2-category, and a notion of 
"internal" freeness, when there exists in the category a family of basic objects from which all 
objects can be generated in an essentially unique way with the help of some given associative 
operation. An externally free category may be internally non free. In the context of additive 
categories, this corresponds to free additive categories Add(£) whose monoid M(Add(£)) is 
non free. The above mentioned existence of non finitely generated free generalized 2-vcctor 
spaces of finite rank also fits naturally with this situation. 

§3.5. More examples of generalized free 2-vector spaces of infinite rank. The 

simplest examples of generalized free 2-vector spaces of infinite rank are those generated by 
non finite discrete categories (see Proposition I16|l . These examples are a special case of a 
more general situation. 

Indeed, according to Proposition |221 for any category C equivalent to a finite disjoint 
union of monoids (viewed as one object categories), Vectif [C] is a generalized finite rank 
free 2-vector. It turns out that, when the finite hypothesis is replaced by the assumption 
that all involved monoids are isomorphic to the same monoid M , the result remains true 
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except that the generahzed 2-vector space is now of a possibly infinite rank. Explicitly, let 
us call a category C homogeneous when it is a disjoint union of copies (possibly infinite in 
number) of the same monoid M, and call the monoid M the underlying monoid of C. Then, 
we have the following 

Proposition 26 For any homogeneous category C, Vectx[C] is a generalized free 2-vector 
space, a basis being given by any family of length one sequences B = {(Xi)}.;^/ with {Xi\i^i 
a set of representative objects of C. 

Proof. We only need to see that B is additively free. Let M be the underlying monoid 
of C. Then, the same argument used to prove Proposition E| can now be used to show 
that if {Xi^, . . . ,Xi^) and (X,/^ , . . . , Xj' J are any isomorphic objects in Vectif[C], then 
k = k' (any morphism A between them is thought of as a morphism of free if [M]-modules 
K[M]^ if [M]*^ ). It remains to see that both sequences are the same up to isomorphism 
and permutation of the objects. For any j = l,...,fc, let rj and r'j be the number of 
copies of Xi^ present (up to isomorphism) in the first and second sequences, respectively. 
By definition, it is rj > 1, and since A is invertible, it is also > 1 (otherwise, the 
corresponding matrix column in A will be entirely made of zeros and hence, non invertible). 
By symmetry, we conclude that both sequences, if isomorphic, necessarily contain the same 
objects (up to isomorphism), but probably with different multiplicities. Let Xi, . . . , X^ 
be the pairwise non isomorphic objects present in both sequences, and let pi, . . . ,ps and 
p'l, . . . ,p'g the respective multiplicities, so that 

(X,,,...,X,J ^ (Xi,?}).,Xi,...,X„?f).,X,) 

and 

{X,, , . . . , X. ) - (Xi, ?})., Xi, . . . , X,/f\,X,) 

^ k' 

Then, the isomorphism A is necessarily of the form 

/ A, ■ ■■ 
A^ : •. : 

V ••• A, 

with Ai a p[ X pi matrix with entries in if[Ai], I = l,...,s. Furthermore, since A is an 
isomorphism, there exists a second matrix 

/ A[ ■■■ 
A' = : •.. : 

V ••• ^'s 

with A'l a pi X matrix with entries also in if[Ai], for alH = 1, . . . , s, such that 
AiA'i = Idp; , A[Ai = Idp, ; = 1, . . . , s 

Using again the invariance dimension property of if [Ai] ^, we conclude that pi — p[ for all 
1 = 1,. ..,s. □ 



*See footnote El 
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Corollary 27 For any homogeneous groupoid Q (in particular, for any discrete category or 
any 2-group), finite or not, VectpclG] is a generalized free 2-vector space, a basis being given 
by any family of length one sequences B = {{Xi)}i^j with {Xi}i^j a set of representative 
objects of Q . 

§3.6. Existence of generalized 2-vector spaces which are non abelian (even non 
Karoubian) categories. Kapranov and Voevodsky 2-vector spaces are abelian categories 
(in particular, Karoubian), but this is no longer true for generalized 2-vector spaces. 

To see this, let us consider the case of the generalized 2-vector spaces Vectif [A'/[l]] 
generated by non trivial monoids (see §3.3 for the notation). Given a non zero endomorphism 
a : (*) — » (*), with a S K[M], we want to know if a has a kernel or not. Note first the 
following 

Lemma 28 Let K be of characteristic ^ 2. Then, any monomorphism S — > (*) m Vecti4-[A/[ 
with 5^0, is necessarily an endomorphism 6 : (*) — > (*) for some b G K[M]. 

Proof. Let us suppose that there exists a monomorphism A : (*, J')., *) (*) with r > 1, 
given by a row matrix A = {ai ■ ■ ■ a^), ai ^ K[M]. At least one of the entries is non zero 
(otherwise, it will not be monic). Let ai ^ 0, so that oi ^ — ai (K is of characteristic ^ 2). 
Then, the morphisms B, B' : (*) (*, J")., *) given by 





/ 


02 






( 


-02 


\ 






-ai 








fli 




B ^ 









B' = 











v 





J 




\ 





/ 



clearly satisfy B B' and AB = AB' , in contradiction with the hypothesis that A is monic. 

□ 

The answer to the above question reads then as follows: 

Proposition 29 Let M be a non trivial monoid and let a G K[M]. Then, as a morphism 
a : (*) (*) in Vecti^ it has a kernel if and only if a is not a right zero divisor of 
K[M], in which case the kernel is the morphism ^ (*). 

Proof. If a is not a right zero divisor, the only morphisms B : S {*) such that aB = 
are the zero morphisms, so that —>■ (*) is clearly a kernel of a. 

Suppose now that a is a right zero divisor. In this case, the zero morphism —> (*) 
can no longer be a kernel of a, because there arc non zero morphisms B : S {*) such 
that aB = 0. For example, all morphisms b : {*) ^ (*) with b G K[AI] such that ab — 0. 
By the previous Lemma, if a kernel exists, being monic, it is necessarily an endomorphism 
6 : (*) — > (*) for some b S i^fM] such that ab = 0. But the universal property of the kernel 
further requires b to be left cancellable, in contradiction with the fact that it is a left zero 
divisor. □ 

For example, if A/ = Z2 = {±}, it is easily checked that (+) — (— ) is a zero divisor in 
K[Z2] and hence it has no kernel as endomorphism of (*) in Vect/^ [Z2[l]]. 
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It might be thought that the categories Vecti^ [C] , althought non abelian in general, they 
are at least Karoubian. But this is also false, as Example 1331 below shows. 



§3.7. The 2-category of generalized 2- vector spaces and some full sub-2-categories 

Let the 2-category of generalized 2-vector spaces over K, denoted by 2GVECTif, be the full 
sub-2-category of AdCat/i- with objects all generalized 2-vector spaces over K. In particular, 
1-morphisms in 2GVECT/f are A'-linear functors and 2-morphisms arbitrary natural trans- 
formations between these. As full sub-2-catcgory of AdCatif , observe that 2GVECTif is a 
iiT-linear 2-category (see §2.2). 

There are various full sub-2-categories of 2GVECTx that can be distinghuished, according 
to the various types of generalized 2-vector spaces considered before. Thus, let 

• 2GVECT;^ be the full sub- 2-category of 2GVECT/f with objects only the generalized 
free 2- vector spaces; 

• 2GVECT^ be the full sub-2-category of 2GVECT/i- with objects only the generalized 
finite rank free 2-vector spaces; 

• 2GVectK be the full sub-2-category of 2GVECTif with objects only the finitely gener- 
ated generalized 2-vector spaces; 

• 2GVect;^ be the full sub-2-category of 2GVECT/f with objects only the finitely gener- 
ated generalized free 2-vector spaces (hence, of a necessarily finite rank), and 

• 2Vectif be the full sub-2-category of 2GVECTif with objects only the Kapranov and 
Vocvodsky 2-vector spaces. 

All these sub-2-categories fit into the following diagram of inclusion 2-functors, where the 
label (*) denotes a strict inclusion while (id?) means that it could be an identity: 




Thus, an example of an object in 2GVECT)^ which is not in 2GVECT]/ is Vectif[X[0]] 
for any infinite set, an example of an object in 2GVECT;^ which is not in 2GVect;^ is 
Vectif [M[l]] for any infinite monoid (or Vectif[G] for any 2-group G such that 7ro(G) is 
finite and 7ri(G) is infinite), and an example of an object in 2GVect;^ which is not in 2\l&ctK 
is Vect/f [Af [1]] for any finite monoid (or Vect/f [G] for any finite 2-group). 
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§3.8. Finite rank free generalized 2-vector spaces up to equivalence. An arbitrary 
free generalized 2-vector space of finite rank encodes a more involved structure than a Kapra- 
nov and Voevodsky 2-vector space. Thus, these 2-vector spaces are completely characterized 
(up to equivalence) by their rank (as it occurs for finite dimensional vector spaces). However, 
characterizing an arbitrary free generalized 2-vector space of finite rank (up to equivalence) 
generally requires a whole set of structure constants in the field K, taking account of the non 
trivial composition law for morphisms between basic objects. More explicitly, if V is a free 
generalized 2-vector space over K of finite rank r and B = {Xi, . . . , Xr} is a basis of V, we 
may choose for each pair of basic objects Xi,Xj e B a linear basis M{Xi, Xj) = {f{i,j)a, ct £ 
A{i,j)} in the vector space Homv(Xi,Xj), which we shall assume such that f(i,i)o = idx; 
for all i E I. Then, the composition law in V is completely given by the set of structure 
constants {c{i,j,k)2,p & K, i,j,ke{l,...,r}, aeA{i,j), /3gA(j, fc), 7 g A(j, /c)} defined 

by 

f{j,k)pf{i,j)a^ c{i,j,k)lpf{i,k)^ 

7eA(i,fc) 

These constants satisfy tlic following associativity and unit equations coming from the cor- 
responding axioms on the composition law: 

• (associativity) For all i,j,k,l E {l,...,r}, a E A{i,j), /3 E A{j,k), 7 E A{k,l) and 
S E A{i, I) it is 

c{i,j,kZpc{z,k,i)i^= c(*,j,oLc(j,fc,o;;7 

• {unit conditions) For all i,j E {1, . . . , r} and a, f3 E A{i,j) it is 

c{hhj)L = ^ap, c{i,j,j)'^Q = 6ap 



For free generalized 2-vector spaces of rank one, these are nothing but the equations satisfied 
by the structure constants of an associative ii'-algebra with unit. 

Althought the above constants depend on the basis B of V and on the chosen linear basis 
of morphisms between basic objects, they serve to completely determine V in the following 
sense: 

Proposition 30 Two finite rank free generalized 2-vector spaces V and V are equivalent 
(as objects in 2GVECT;^^j if and only if they have the same structure constants for suitably 
chosen bases of objects and linear bases of morphisms between basic objects. 

Proof. Left to the reader. □ 

It is worth pointing out, however, that not all sets of constants satisfying the above asso- 
ciativity and unit conditions arc the structure constants of a finite rank free 2-vector space. 
For instance, in the rank one case, it should further exist a linear basis of endomorphisms of 
the basic object for which the constants arc given by c(l, 1, 1)2^^ = 6-y,m{a,i3)- In other words, 
among all possible associative algebras with unit, only the algebras of a monoid correspond 
to free generalized 2-vector spaces of rank one. 
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4 Vectif [C] versus the functor category VECTj^^. 

Together with there is one more vector space which can be built from a set X . Namely, 

the vector space of all functions on X with values in K . This construction is also 
functorial. In fact, if restricted to finite sets, both functors A'[— ], X*^^^ : FinSets Vect^ 
are naturally isomorphic. 

The purpose of this section is to consider the analog for categories of the vector spaces 
K'^-^^ and to show that the corresponding construction is no longer equivalent to Vect/^ [C], 
even if we restrict to finite categories. 

§4.1. The functor categories VECT^''. To define the analog of K'^-^\ we follow again 
Kapranov and Voevodsky insight of replacing K by the category of vector spaces, except 
that we shall consider the category VECT/f of all vector spaces, finite dimensional or not. 
If we further replace the set X by a category C, we are led to the category VECT^- with 
objects all functors F : C ^ VECT^f and the natural transformations between these as 
morphisnis. For various reasons, however, it is more convenient to consider the category 

r'op 

VECT^ of contravariant functors. 

Note that VECT^ is a Jf-linear additive category for any C. A zero object is given by 
the constant functor Fq mapping each object of C to the zero vector space, and a biproduct of 

two functors F, G : C°p ^ VECT^ is given by the composite functor C°p ^ C°p x Cp 
VECTif X VECTif VECTif and the obvious injections and projections (here, A 
denotes the diagonal functor and © the usual direct sum functor on VECT/f). Such a 
biproduct is denoted by F (B G. 

Actually, in contrast to the 2-vector spaces Vecti<-[C], the categories VECT^ are 
always abelian. for any category C, because the target category YECTk is already abelian. 

Example 31 If C = with N the additive monoid of natural numbers, a functor F : 

N[1]°P VECTa' is completely given by a vector space V (the image of *) together with 
a .ftT- linear map f : V V (the image of the morphism 1 : * ^ *), and both can be 
chosen arbitrarily because N is free. By identifying / with the action of an indeterminate T 
on V and extending this action in the obvious way to the whole polynomial algebra 
objects of VECT^ are naturally identified with modules over the polynomial algebra 
K[T]. These identifications extend to a X-linear equivalence VECT^^ ' ~k K[T]-M.od, 
where i4r[T]-Mod denotes the iC-linear abelian category of A'[T]-modules. 

§4.2. Relation between both constructions. As mentioned before, even for finite cat- 

/nop 

egories C, VECT)^ and Yect k[C] are generally non equivalent. This is easily understood 
because VECT^ is always abelian, while Vect/f [C] is not (see §3.6). 

To make precise the relation between both constructions, observe that, among the objects 
in VECT^ , we have the representable functors, isomorphic to the functors Ar[Homc(— , X)] : 
C°P VECTi<- for some object X in C (note that, if the hom-sets of C are finite, such func- 
tors actually take values in Vect/f). Then, we have the following: 

Theorem 32 For any category C (resp. category C whose hom-sets are finite), Vectfc[C] 

/-•op nop 

is K -linear equivalent to the K -linear additive subcategory ofVY^CT (resp. o/Vect^ ) 



22 



generated by the representable functors (see Defimtion\^. 

Proof. For short, let Fx stand for the functor K[Ilomc{—,X)]. Then, define a /T-linear 
funetor E : VectA'[C] -> VECT^ as follows: 

• on objects: E{Xi, . . . , Xr) = Fx^ © • • • ® Fx^ for ?' > 1 and £'(0) = Fq, the constant 
zero functor. 

• on morphisms: for any G UomdXi, X'^,), let A{f,,,) : {Xi, X,.) ^ {X[, X'^,) 
be the morphism with all entries equal to zero except the [i' , i)-entry, which is equal 
to fiH- Then, define E{A) : Fx^ © • ■ • ® Fx, -> Fx; © • ■ • © Fx', as the natural trans- 
formation whose F-component E{A)y : Fx^iY) © ■ • • © Fx,(y) =J> Fx;(y) © ■ • ■ © 
Fx',(l^) is the linear map described by the r' x r matrix with entries {E{A)Y)j'j '■ 
K[komc{Y,Xj)] K[}Iomc{Y,X'.,)] given by 

iE(A)Yh, - I 0^ otherwise ^^'^^ 

The morphisms A{fiii), for all ffi <E HomdXi, X'-,) and all G {l,...,r'} x 

{1, . . . ,r}, constitute a linear basis of HomvectK[c]((-''^ii ■ • ■ i^r), . . . ,Xl.,)) and 
this action of E is extended i^T-linearly to arbitrary morphisms between both sequences. 

It is easily checked that these assignments are functorial. We only need to prove that it is 
a fully faithful functor. 

Let us first see that the linear map F(x).(x') ■ K[Ilomc{X, X')] Nat(Fx, Fx') defined 
by 14. 1() is an isomorphism for any length one sequences (X), {X') of VectA'[C]. On the one 
hand; we have a set bijection 

Yon : Homc(X,X') ^ Nat(Homc(-, X), Homc(-, X')) 

mapping f : X X' to the natural transformation a{f) with y-component (j{f)Y = f ° — 
(Yoneda lemma). On the other hand, we have a linear map 

$ : is:[Nat(Homc(-,X),Homc(-,X'))] ^Nat(Fx,Fx') 

given by (f>(cr) = , with = ^k[~] ° foi' aU a G Nat(Homc(-, X), Homc(-, X')). 
The images {<J^}a are linearly independent vectors of Nat(Fx,Fx') (and hence, $ is in- 
jective). Indeed, let (Ti . . . , cr„ be arbitrary natural transformations from Homc(— ,^) to 
Homc(— ,X')j with at ^ aj if i ^ j. Note that ai is completely given by the morphism 
i<yi)xiidx) (Yoneda lemma once more), so that the maps ((Ti )x(idx ),•••, (o'n)x(idx) : 
X ^ X' are pairwise different. Then, if X^iLi '^i^ ■ ^ Fx' is the zero natural 
transformation, we have in particular that 

n n 

^A, (af )x(idx) = 5] A, (a,)x(idx) = 0, 

i=l i=l 

in K\i^OTac{X, X')]. Hence, Ai = for all i — l,...,n. Furthermore, given any natural 
transformation t : Fx => Fx' , suppose that 

n 

Tx(idx) fi 

1=1 
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where /; £ Romc{X,X'), and define ai : Romc{-,X) ^ Homc(-,X') by ((Tj)jc(idx) = fi 
for all i = 1, . . . ,n. Then, it is easily checked that r = '^f ^ so that 4> is also 

surjective. Therefore, is an isomorphism of vector spaces and it is immediately seen that 
the composite 

K[llomc{X,X')] ^-i^"'7^[Nat(Homc(-,X),Homc(-,X'))] 

^Nat(A'[Homc(-,X)],if[Homc(-,X')]) 

coincides with the linear map E(^x),{X')- 

More generally, for nonzero objects {Xi , . . . , Xr) and {X[, . . . , X'^.,) of arbitrary lengths, 
it is 

Homvect,^[c]((^i, • ■ • {X[, . . . , X',.,)) - W K[Y{omc{X,,X[,)] 

(•»,,') 

while 

Nat(Fxi © • • • © Fx, , Fxj © • • • ® i^x;, ) = n ^at(Fx. , Fx;, ), 
Under these identifications, it follows from the definition of E that 

F(Xi,...,x,),(x;,...,x;,) = n ^(-^.).(^,',) 

Hence, the linear maps E(^Xi,...,Xr),(x[,...,x' ,)i for any r, r' > 1, are also isomorphisms and 
E is indeed fully faithful. □ 

Example 33 If C = there is a unique representable functor up to isomorphism. 

Namely, F* = A'[HomN[i] (-, *)]. Under the identification VECT^'^'"" ~k A'[r]-Mod (see 
Example 13 this functor corresponds to K\T] as module over itself. Hence, Vect;<-[N[1]] 
can be identified with the full subcategory K\T]-'M.odf of iir[r]-Mod with objects the free 
_fir[r]-modules. Note that this subcategory, and hence Vectx[N[l]], is non Karoubian. Thus, 
if P is any projective non free i4r[r]-module and F is the free i^[r]-module of which P is 
a direct summand, so that F = P © M for some -Rr[T]-submodule M of F, the projection 
p : F ^ F of F onto P is a non split idcmpotcnt in /^[r]-Mod/ (an idempotent e : X ^ X 
in an additive category splits if and only if idx — e has kernel, and idx — p has no kernel in 
K[TyModf). 

In some special cases, both categories Yect k[C] and VECT^"" may in fact be equivalent, 
mimicking the situation for vector spaces. For instance, this is clearly the case if C is a finite 
discrete category and hence, for the Kapranov and Vocvodsky 2-vcctor spaces. As shown 
by the previous example, however, this is not true in general. 

5 General linear 2-groups GL(Vectx[C]) 

Recall that for any bicategory € (non necessarily a strict one) and any object X of £, the 
category EquiVg.(X) with objects the autoequivalences f : X ^ X and with morphisms all 
2-isomorphisms between these is a 2-group (see §2.6). 
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We are interested in the case £ = 2GVECTif. By analogy with the case of vector spaces, 
let us denote by GL(V) the 2-group Equivj^vECTA- C^) corresponding to a generahzed 2-vector 
space V and call it the general linear 2-group of V. The purpose of this section is to compute 
GL(V) (up to equivalence) for a special type of generalized 2-vcctor spaces which include 
Kapranov and Vocvodsky 2-vector spaces. 

§5.1. GL(Vectif[C]) versus Equ\\/Q^^^{K[C]) and Equ\\/Q^^.{C). Computing GL(V) for an 
arbitrary generalized 2-vector space seems to be difficult. There are, however, general results 
relating GL(Vectif [C]) to the 2-groups Equ'w q^^.^^{K[C]) and Equ\VQ^^.{C) which we want to 
discuss first, before considering any particular case. 

Let V = Vectiv-[C], with C an arbitrary category, and let He : EndcatK (^[C]) — > 
End2GVECTA-(Vectx[C]) be a functor mapping a i^-linear functor F : K[C] — > K[C] to 

some X-lincar extension of the composite K[C] ^ K[C] Vectx[C], and a natural trans- 
formation T : F => f' : K[C] —> K[C] to the unique natural transformation Hc(t) such that 
laj^ic] = Hc{t) o laK[c\ ('^f- Proposition ^J). There are various such functors He, but all 
of them are isomorphic because A'-linear extensions are unique up to isomorphism. They 
are clearly injective on objects. In general, however, they are non essentially surjective be- 
cause a i^-linear endomorphism of Vectx[C] can apply length one sequences to sequences of 
length greater than one. For instance, if C = 1 (the terminal category), K[V\ is isomorphic 
to the one object /•sT-linear category K[V\ with K as vector space of endomorphisms, while 
VectA'[l] —K Vectif. Then, Endcat/f is a one object category, because a iiT-linear 

functor F : K[l\ — > K[l\ is nothing but a X-lincar map f : K ^ K and the condition of 
preservation of identities implies that / = iAk necessarily. In contrast, the set of isomor- 
phism classes of objects in End2GVECTK (Vect^f) is in bijection with the set N of natural 
numbers (see for ex. (Sj). 

However, the following general result holds: 

Theorem 34 Let C be an arbitrary category. Then, any functor He '■ Endcat/c (^[^]) 
End2GVECTK (^^ct/f [C]) as above is a full monoidal embedding. Moreover, if C is finite, it 
restricts to an equivalence of monoidal categories (hence, an equivalence of 2-groups ) 

EquivcatA,(A'[C]) ~ GL(VectK[C]) 

Proof. For any natural transformation ti,T2 '. F ^ F between X-lincar functors F, F : 
K[C] — > A'[C], Hciji) = Hc{t2) and the definition of He on morphisms implies that la^lc] ° 
Ti ^ la/f[c] ° ^2 and hence, ti = T2. Thus, He is always faithful. It is also full because 
given a : He{F) He{F ), the morphisms 

Tx^(T(x), XeObj(C) 

define a natural transformation t : F => F such that Iukic] °T = ao la^^c] ^"^^ hence, we 
have a = Heir). Furthermore, the functors He{FF ) and He{F)He{F ) both are AT-linear 
extensions of the functor aK[c]FF '■ K[C] Vect^p], and He{}dK[e]) and idvectxp] both 
are A'-linear extensions of ax[c] • F^[C] ^ Vecti<-[C]. Consequently, there are isomorphisms 
He{TF') ^ He(F)He(F') and i/c (id a-[c]) = idvect^fc]- Let He,2{F,F') : He(FF') => 
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Hc{F)Hc{F ) and i?c,o '■ Hc{}dK[c]) =^ idvectK[c] be the unique natural isomorphisms such 



that la^yc{FF' = HcAP^P) ° la^icj and la 



Hc,o°laK[c] ('^f- Proposition Then, 
it is easy to check that these isomorphisms define a monoidal structure on Hq. For instance, 
given any i^-hnear endomorphisms F,F ,F of K[C], the following coherence condition 
needs to be checked: 



Hc,2{F,F )ol 



Hc{F 



HcAFF ,F ) = { l^^(-p) o HcMF ,F ))■ HcMF, F F ) 



Now, this equality holds if and only if the horizontal precomposites with laK[c] both 
members are equal. But 



HcAF, f') o Ih,(f")) ■ HcAFF', f") 



and similarly 



o 1 



Hc2(F,F)ol„ ,j,n. 

'"^^ ' ' Hc{F )aK[c] 



Hc2(F,F )ol -T, 



^aKic]FF'F" 



^aKlc]FF'F" 



Hc{F) 



oHc,2{F ,F ) ■Hc,2{F,FF' 



[CI 



(1 



Hc(F) 



HcAF ,F )o l^^^j^j j • 1^^ — 



= 1 
= 1 



Hc(F)aK[c]F F ' 



aK[c]FF F 

We leave to the reader checking the remaining coherence conditions and the naturality of 
Hc,2(F,f') in (F,f'). 

Suppose now that C is finite. Let be the restriction of He to Equ'w q^^^{K[C]). It 
is a fully faithful monoidal functor : Equiv q^^^{K[C]) G'L(Vect k[C]). For any K- 
lincar functor F : Vecti<-[C] Vectif[C], let F = PPc ■ C Yect k[C] be its restriction 
to C. F is obtained from F by extending it with the help of some biproduct functors and 
zero object in Vectifp]. Consequently, if F is an equivalence, the set of image objects 
{F{X)} x£Ohi(C) generates Vectif [C] additivcly. In particular, this set necessarily contains 
(up to isomorphism) all indecomposable objects in Vect/s:[C]. But for a finite category 
C, all length one sequences are indecomposable (see Proposition I24|l. It follows that there 
exists a (unique) functor F : C — > i^p], which uniquely extends to a if-linear functor 
F : K[C] — > A'[C], making commutative the diagram 




26 



(in particular, F is an equivalence). By the uniqueness up to isomorphism of the if-linear 
extensions, we conclude that F = Hc{F) and hence, is also essentially surjective. □ 

Similarly, for any category C, the functor Endcat(C) Endcat k{K[C]) mapping F : 
C ^ C to the unique iiT- linear extension F of the composite C ^ C and t : F ^ F' 

to the unique natural transformation t : F ^ F such that r = t o Ij,^ is a monoidal non 
essentially surjective embedding. But it is a non necessarily full functor now. Thus, in the 
simplest case C = 1, it is Endcat(l) — 1 while Endcatx (^[1]) — ^[1] (f^ny scalar X G K 
defines a natural endomorphism of idif[i]). Furthermore, the restriction Equ\vQ^^{C) 
Equ'w/ Q^^j^{K[C]) continues to be neither full (Equiv^gj^ (/^[l]) = K*[l] is not a terminal 
category) nor essentially surjective (basically, because an arbitrary if-linear equivalence 
K[C] — > K[C] need not map morphisms of C to morphisms also in C). 

Example 35 Let C be a group G thought of as a category with only one object. Then, if 
the restriction Equ'\VQ^^{C) Equ'w q^^^{K[C]) really gives an essentially surjective functor, 
any iiT- linear equivalence K[C] — > K[C] should be isomorphic to the if -linear extension of 
some equivalence C — > C Now, a A'- linear equivalence K[C] — > K[C] is nothing but a (unit 
preserving) algebra automorphism of K[G], while an equivalence C ^ C is just a group 
automorphism of G. Furthermore, two algebra automorphisms (/>,</)' : K[G] — *■ K[G] define 
isomorphic AT-lincar equivalences if and only if there exists a unit u £ K[G]* such that 
(f>'{x) = u^^(j){x)u for all x G /i[G']. In particular, if G is abelian, they must be equal. But 
for an abelian group G, an arbitrary automorphism of -ft'[G'] does not restrict to an automor- 
phism of G. For ex., if G = Z2 = {±}, it is AutGrp(Z2) = 1, while AutAig^. (-^'[^2]) — ^2, 
the non trivial automorphism being that which maps (— ) to — (— ) ^ . 

Therefore, the most general statement as regards the relation between GL(Vectif [C]) 
and EquiV(;3((C) reads as follows: 

Theorem 36 For any category C, the composite functor Endcat(C) ^ EndcatA- (^'[C]) 
End2GVECTK-(VectK[C]) restricts to a monoidal embedding Equ'iv q^^{C) "-^ GL(Vectif[C]). 
In particular, Equ\VQ^^{C) is equivalent to a (non full) sub-2-group o/GL(VectK[C])J. 

For a finite category C, this is to be thought of as an analog of the fact that the group 
Aut{X) = S„ of automorphisms of a finite set X of cardinal n is isomorphic to a subgroup 
(usually called the Weyl subgroup) of the general linear group GL(A'[X]) = GL(?i, K). This 
suggests introducing the following 

Definition 37 For any finite category C, the Weyl sub-2-group of GL(VectA'[C]) is the 
image of the previous monoidal embedding Equ\y(-^^{C) =— > (GL(VectA'[C]). 

It is not clear at all, however, that there exists some sort of analog for GL(VectA'[C]) of 
the Bruhat decomposition of the general linear groups GL(n, K). 

^Thc group AutAigj^ {^[G]) is computed in the next paragraph for an arbitrary finite G and an alge- 
braically closed field K whose characteristic does not dived the order of G; see proof of Lemma ^451 
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§5.2. General linear 2-group of the generalized 2- vector space generated by a 
finite homogeneous groupoid. Recall that a groupoid Q is a category equivalent to a 
disjoint union of groups which are viewed as one object categories, i.e., Q ~ Llig/Gi[l] for 
some groups Gi. Let us call the cardinal of / the coarse size of Q. We shall say that Q is 
homogeneous when all groups Gi arc isomorphic to a given group G, called the underlying 
group of g. 

Suppose Q is a finite homogeneous groupoid (i.e., finite coarse size and finite underlying 
group). Examples include all finite discrete categories X[0] and all finite 2-groups G, the 
first of coarse size equal to the cardinal of X and underlying group G = 1, and the second 
of coarse size equal to the cardinal of ttq (G) and underlying group G = tti (G) . 

To simplify notation, we shall denote by Gh{Q) the general linear 2-group GL(Vect a- [(?]). 
The purpose of this paragraph is to prove the following 



Theorem 38 Let K be an algebraically closed field and Q a finite homogeneous groupoid of 
coarse size n and underlying group G. Suppose that the order of G is not divisible by the 
characteristic of K (in particular, this is the case i/char(A') ~ 0). Then, GL(t/) is a split 
2-group with 



7ri(GL(e)) 



(5.1) 
(5.2) 



where Sp denotes the symmetric group on p elements (p > 1), r is the number of conjugacy 
classes of G and ki > 1, for all i = 1, . . . , s, is the number of non equivalent irreducible 
representations of G of a given dimension di ( in particular, ki-\- ■ ■ ■ -\-ks = r). Furthermore, 
under these identifications, the action o/ 7ro(GL(C/)) on 7ri(GL(C/)) is given by 



(1) 



(cr, (cth)-=i, . • . , (CT„i)i=l) 



^feii 



A 



(1) 



k\ n 



x(s) 





Hi) 


. A^i) 

'^^l'(l)'^-H") 




-1(1) 






Hi) 


j,(s) 

<T-i(l)<T-i(n) 




-1(1) 





\ 



(5.3) 

for any a € I]„ and aqi G S/c^ for all i = 1, . . . , s and q — 1, . . . ,n, and where we have 
identified the elements A G (^K*)™ with r x n matrices with entries Xp}q G K* . 

Notice that for G = 1 (hence, r = 1) we indeed recover the general linear 2-groups of 
Kapranov and Voevodsky 2- vector spaces VectJ, for which tto = Sn , tti = (i^*)" and with 
Yin acting on [K*)^ in the usual way, i.e. 

a ■ (Ai, . . . , A„) = (Ao-i(i), . . . , Ao-i(„)) 



28 



(cf. IH], Proposition 6.3). 

To prove the theorem, we shaU first compute the homotopy groups ttq and tti of GL(CJ), 
next we shall determine the action of the first onto the second and finally, we shall see that 
its classifying 3-cocyclc a G Z'^(7ro(GL(C7)), tti (GL(C/))) is cohomologically trivial. 

Recall that, for any iiT-algebra its group OutAig^(j4) of outer automorphisms is the 
quotient of the group Aut Aig^ {A) of all its (unit preserving) algebra automorphisms modulo 
the normal subgroup InnAig^^(^) of the inner ones, i.e., of those of the form (f)u{x) ~ u~^xu 
for some unit u & A* . 

Lemma 39 For any finite homogeneous groupoid Q of coarse size n and underlying group 
G, there is a group isomorphism 

^o((GL(a)) ^^n^ (OutAig,-(AlG]))" (5.4) 
In particular, 7ro(GL(C/)) is a finite group. 

Proof. Note first that for a groupoid Q of the above kind it is K[Q] ~x U^i^[G][l], where 
Uk denotes the coproduct in Cat^ (see §2.4). Hence, a A'-linear equivalence of K[Q] is 
completely determined by a permutation a G E„ giving the action on objects together with 
a collection of A'-algebra automorphisms i/ii, . . . , 0„ : A'[G] A'[G] giving the action on the 
vector spaces of morphisms, and any such data (cr, 0i, . . . , (/)„) defines a A'-linear equivalence 
F(cr, 01, ... , (pn) ■ K[G] K[G]. Moreover, it is immediate to check that the equivalences 
F{a, 01, ... , (j)n) and F{a' , cjy'i, . . . , 0^) are isomorphic if and only ii a ^ a' and there exists 
units Ml, . . . , u„ G A'[G]* (the components of an isomorphism) such that 0'j(x) = uY^4'i{x)ui 
for all X G A'[G] . The isomorphism 1)5. 4() is then a consequence of Theorem]^ As regards the 
last assertion, it follows from a result due to Karpilovsky (see Theorem 8.5.2), according 
to which the group OutAig^^ (Ar[G]), for any G, is in bijection with the isomorphism classes 
of Ar[G X G]-modules whose underlying additive group is Ar[G] and with A'[G x G] acting 
on it by 

|^^A,(g„5^)^ x = Y,^^9^xf{{g'^-^), x e K[G] 

for some / G AutAig^- (A'[G]), and from the known fact (see [S], Theorem 79.13) that for a 
finite group G, there arc only finitely many isomorphism classes of such modules. □ 

Lemma 40 Let K be an algebraically closed field and G a finite group whose order is not 
divisible by the characteristic of K. Then, there is an isomorphism of groups 

OutAig^(/^[G])^Sfe, x---xSfc^ 

where ki > 1 is the number of non equivalent irreducible representations of G of a given 
dimension di, for all i = 1, . . . , s (in particular, ki + ■ ■ ■ + ks is the number of conjugacy 
classes of G). 

Proof. Under the assumptions on K and on the order of G, it is well known (see for ex. |18| ') 
that there exists an algebra isomorphism A'[G] = Mn^{K) x • • • x Mn^{K), where r is the 
number of conjugacy classes of G and tii, . . . , are the dimensions of the non equivalent 
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irreducible representations of G. Furthermore, it follows from Skolem-Noether theorem (see 
12], Corollary 4.4.3) that all automorphisms of the algebra Mn{K) are inner. Hence 

InnAig,,. (Af„i (A') x • • • x Mn,{K)) = InuAig^ (M„, (i^)) x • • • x InnAig,^,(M„,(A')) 

= AutAig,,(M„,(A:)) X • • • X AutAig,^,(A/„^(/v)) 

In general, however, the obvious embedding of AutAig^. (M„j (/\ )) x • • • x AutAig^. (M„^(iir)) 
into AutAig^(-Mrai {K) X • • ■xMn^i.K)) is non surjective, so that the quotient OutAig^- (ATiG]) 
is non trivial. To compute this quotient, let us denote by I„ the identity nxn matrix and by 

3) 

any zero matrix. Then, if Cj = (0, . . . , I„^. , . . . , 0) (j = 1, . . . , r), the elements ei, . . . , are 
pairwise orthogonal central idempotents of the product algebra A = Mn-^ {K) x • • • x {K). 
Hence, any algebra automorphism (p : A ^ A necessarily maps them to pairwise orthogonal 
central idempotents of A. Since the center of Mn{K) is Z{Mn{K)) = K I„, this means 
that (j){ej) = J2i=i'^ij^i for some scalars Ay £ {0,1}, i,j = l,...,r (note that 4>{ej) 
idempotent implies that Xfj = Xij). Moreover, since preserves the identity of A, we also 
have 0(ei + • • • + e,,) = ei + • • • + e^, from which it follows that Ay = Sij' , i.e., (j){ej) = Cj' 
for some j' which depends on j. Together with the fact that, for any Nj e Mn-{K), it is 

</>(0, . . . , iVj , . . . , 0) = </.((0, . . . , iV„ . . . , 0)(0, . . . , , . . . , 0)) 
= 0(O,...,Ar„...,O) 0(O,...,I„^.,...,O) 

it follows that any automorphism (p oi A necessarily maps each factor Mn- (K) isomorphically 
onto some other factor Mn.,{K). In particular, the subscript j' for which Ay = Jy' must 
be such that Uji = rij. Inner or decomposable automorphisms (j) 6 AutAig^, (Af„j (i^)) x 
• • • X AutAig^, (M„^(/-r)) correspond to the case j' = j for all j = 1, . . . , r. These will be 
the unique possible automorphisms of A when the positive integers ni,. . . ,nr are pairwise 
different. In general, however, G may have non equivalent irreducible representations of the 
same dimension. Specifically, suppose we have ki non equivalent irreducible representations 
of dimension di for i = 1, . . . , s (for example, suppose that ni = ■ ■ ■ = n^^ = di, rifej+i = 
■ ■ ■ ~ nk-^+k2 — d,2, etc.). In particular, we have fci + • ■ • + fc^ = r. In this case, a generic 

automorphism of A = A/di (A') X ••• xMdi{K)x- ■ ■xMd^{K)x •°- xMdXK) will decompose 
in a unique way as the composite of a permutation automorphism (j)ai,...,as given by 

(ka^,...,aANlU ■ • ■ , ^fcil, • ■ • ,A^ls, • ■ • , Nk^s) = 

= (A^CTi(i)i, • • • , A^<Ti(fci)i, • ■ • , A^fT,(i).s, • ■ • , Ar^,(fc,).0 (5-5) 

for some (ci, . . . , CTs) G x • ■ • x S^, , followed by a decomposable automorphism i^i x • ■ • x 
(pr- In other words, by identifying x • • • x Yi^, with the above subgroup of permutation 
automorphisms of A, we conclude that AutAig^, {A) is the semidirect product of the (normal) 
subgroup of inner automorphisms and x ••■ x E/.^ and therefore, OutAig^, (A'[G]) = 
Sfej X • • • X Sfc^ as claimed. □ 

Isomorphism (15. 1|) of Theorem 1381 is now an immediate consequence of Lemmas 1391 and 1401 

Let us now compute tti ((GL(^)). 
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Lemma 41 For any finite homogeneous groupoid Q of coarse size n and underlying group 
G, there is an isomorphism of abelian groups 

TTi{GUQ)) = Z{K[G]*Y (5.6) 

where Z[K[G\*) denotes the center of K[G\* . 

Proof. By Theorem 151 7ri(GL(C/)) = 7ri(Equivcat^- (A'[e])) = Aut(idx[(j]). Now, a natural 
automorphism of id/f[g] (actually, of any F : K[Q] —>■ K[Q]) is given by invcrtible elements 
Ui, . . . ,Un (its components) in K[G], and naturality further requires that the Uq belong to 
the center of /ir[G]*. Moreover, composition of automorphisms clearly corresponds to the 
product in Z{K[G;]*)". □ 

Lemma 42 Let K he an algebraically closed field and G a finite group whose order is not 
divisible by the characteristic of K . Then 

Z{K[G]*) ^ {K*y 

where r is the number of conjugacy classes of G. 

Proof. The result is a direct consequence of the isomorphism of algebras K[G] = AIn^^{K) x 
• ■ • X Mn^{K) and the fact that Z(Af„(A')) = K I„. □ 

Combining Lemmas 1411 and 1^ we readily get isomorphism 1)5. 2|l of Theorem 1381 Let us now 
prove that, with the above identifications, the action is indeed given by 1)5.3)) . 

Lemma 43 For any finite homogeneous groupoid Q of coarse size n and underlying group 
G, the action of Tro{Gl.{g)) = S„ x (OutAig^ (A'[G]))" on 7ri((GL(a)) = Z{K[G]*)" is given 
by 

(cr, . . . , [(/)„]) • (ui, . . . ,u„) = (0^-i(i)(w^-i(i)), . . . ,0<^-i(„)(m^-i(„))) (5.7) 
for any representatives 0i , . . . , 0„ of [(fii], . . . , [(f>n] G OutAig^^. (-ft^[G]). 

Proof. Let us identify GL(C/) with Equ'w/ q^^. _{K[Q]). Then, by definition, given [F] E 
7ro(GL(g)) and r e 7ri(GL(g)), it is 

for any representative F : K[Q] K[g] of [F] (see §2.7). Now, identifying Aut(F) with 
Z{K[G]*)" as above, it is easy to see that 

SF{a,4,i,...,4>„)iui, . ■ . ,Un) = (01 (mi), . . . , 0„(u„)) 
7i=^(a,0i,...,0„)(wi, • ■ • , Un) = (Uct(1), • ■ • , ■"(T(n)) 

from which ()5.7)) readily follows (note that the action so defined is indeed independent of 
the representatives 0^ because the are central). □ 

Equation 1)5.3)1 follows now from ()5.7)) by making the appropriate identifications. Thus, 
as discussed above, when K[G] is identified with the corresponding product algebra A ~ 
M„j {K) X ■ • ■ x (K), each equivalence class [(pg] G OutAig^^. (A) in 1)5.7)1 can be identified 
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with an element (u^i, . . . jO'qs) S x • • • x E^.^, a representative of [(f>q] being then the 
permutation automorphism 0^,1,..., (t,s defined by (|5.5|l . At the same time, each Uq G Z{A*), 
q = f , . . . , 71, can be identified with an element (aJ^\ . . . , ^'l^^g, • ■ • , aJ^\ . . . , A^^^^) S {K*Y , 

corresponding in fact to (A^^^'ldj , . . . , A[.^^^^Idi , . • . , A^d, , • ■ • , A[.*'^IdJ e With these 

identifications, it is straightforward checking that (|5.7|l translates into (|5.3|) . 
Let us finally see that Gh{Q) is split. Note first the following general result: 

Lemma 44 For any finite category C, there is an equivalence of 2- groups Equ\\/Q-^^^(K[C]) ~ 
Autcat fiiK[C]) and hence, an equivalence of 2-groups GL(Vect/i-[C]) ~ Autcatf^ {K[C]). 

Proof. To prove the first assertion, it is enough to see that Equ'w^^^^ {K[C]) — Autcatx (-^[C]) 
for any finite skeletal category C. The claimed equivalence follows then from the fact that 
any category is equivalent to a skeletal one. Let C be skeletal and let E : K[C] — > K[C] be 
any if-linear equivalence. In particular, there exists a if-linear functor E : K[C] —^ K[C] 
and a natural isomorphism t : EE ^ id^jcj. Since C is finite, it follows from Proposition |51 
that K[C] is also skeletal. Hence, EE{X) = X imphes EE{X) = X. Then, if E : K[C] 
K[C] is the i^-linear functor uniquely defined by E{X) = X for any object X oi C and 
E{f) = '''Y fT^^ for any morphism / : AT — > y in C, it is easily checked that EE is a strict 
inverse of E. The last assertion follows from Theorem]^ □ 

Let us now consider the case C is a finite homogeneous groupoid Q, which we may assume 
it is skeletal. By the previous Lemma, to prove that Gh{Q) is split it is enough to see 
that AutcatA- (^''^[5]) is split. But this is a strict 2-group and hence. Proposition 1121 and 
the subsequent remark can be applied. Now, if Q is skeletal, we have an strict equality 
K[g] = W'KlGWl] and hence 

|AutcatK(U"A^[G][l])| = S„ X (AutAig,,(/^[G]))", 

while 

^o(AutcatA(U"^^[G][l])) =S„ X (OutAig^(ir[G]))" 
Therefore, the split character of Autcat,^ (A'[^/]) readily follows from the next result: 

Lemma 45 Let K be an algebraically closed field and G a finite group whose order is not di- 
visible by the characteristic of K . Then, the exact sequence of groups 1 InuAig^ (A^[G]) 
AutAig,,(AlG]) ^ OutAig^(/^[G]) ^ 1 splits. 

Proof. It has already been shown that, under the above hypothesis on K and G, the group 
AutAigjf (A'[G]) is the semidirect product of ImiAig^^ (Ar[G]) and the subgroup of the so 
called permutation automorphisms, which is isomorphic to a direct product of symmetric 
groups (sec proof of Lemma QUJ. □ 

Corollary 46 For any finite 2-group G, the general linear 2-group of the 2-vector space it 
generates is split and with homotopy groups 

^o(GL(G)) ^ X 
7ri(GL(G)) ^ (A'*)P" 

with n and p the cardinals o/7ro(G) and t:i{G), respectively. 
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Proof. G is a finite homogeneous groupoid of coarse size n and underlying group 7ri((E), 
which is abehan. □ 



6 Final comments 

The notion of generahzed 2-vector space introduced in this work includes Kapranov and 
Voevodsky 2-vector spaces, defined as a special kind of VectK-module category (see )12|^. 
It is then worth comparing the notion of generalized 2-vector space with the general notion 
of Vect/f-module category. In this sense, it is tedious but not difficult to see that any 
generalized 2-vector space Vect/f [C] has a "canonical" Vect if -module category structure, 
with Yectji acting on Vect/f[C] by 



for any linear map f : V s- V and morphism A : S s- S' , where (cti'i) is the matrix of 
/ in previously chosen linear bases of V and V' ^. This can be seen as the analog of the 
canonical if -linear structure on the sets if[^]- However, it is unlikely that an arbitrary 
VectA'-module category is equivalent to a generalized 2-vector space equipped with such 
a Vectif-module category structure, as it happens with vector spaces. Consequently, our 
notion of generalized 2-vector space should still be thought of as a particular kind of Vect^f- 
module category, althought of a less restrictive kind than Kapranov and Voevodsky 2-vcctor 
spaces. 

To finish this paper, it seems worth pointing out the drawbakcs our notion of generalized 
2-vector space has with respect to Kapranov and Voevodsky 2-vector spaces. In particular, 
let us mention some nice properties Kapranov and Voevodsky 2-vector spaces have that 
are lost we moving to generalized 2-vector spaces. One such lost property has already been 
mentioned before. Namely, an arbitrary generalized 2-vector space is not always a Karoubian 
category (see §3.6). Another important drawback concerns the property of having a dual 
object. Thus, an arbitrary generalized 2-vector space has no dual object, at least in the usual 
sense of the term, except when it is a Kapranov and Voevodsky 2-vector. Indeed, if for a 
given if-linear additive category A there exists a A'-lincar additive category A* and .ftT-lincar 
functors ev : yl*n^ Vect/^ and coev : Vectx — > ^D^* such that (id^nev)(coevnid^) = 
id^ and (evDid^* )(id_4* Dcoev) = id^* ^, it may be shown that A is necessarily a Kapranov 
and Voevodsky 2-vector space (this result seems to be due to P. Schauenburg; a proof can 

^This is a special case of the "canonical" Vect j^-modulc category structure that can be defined on any 
X-linear additive category A once we choose particular biproduct functors of all orders and a zero object in 
yl as well as a linear basis in each vector space. 

^Here, □ denotes the tensor product pseudofunctor for the 2-category AdCatx of A'-linear additive 
categories; see 




iS,J').,S) ifdimy = 7i 
ifdimy = 



for any vector space V and any object S of Vect/^ [C], and 
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be found in Neuchl's thesis JJ). If A ~k Vect^, such a dual object indeed exists and 
it is given by the natural candidate, i.e., the hom-category Hom2GVectA- (-^7 "^^ctif ), which 
is again a Kapranov and Vocvodsky 2-vector space of rank n, in complete analogy with 
the situation for vector spaces. Such a drawback may be serious when trying to define a 
Frobenius structure on the 2-algebra Vecti^ [G] generated by a 2-group G, because in the zero 
dimensional setting such a structure makes explicit use of duals. But it is also possible that 
a definition of Frobenius structure on a 2-algebra (more generally, on any pseudomonoid in 
a monoidal 2-category) may exists which makes no use of duals (actually, such a definition 
where duals do not appear already exists in the context of algebras or, more generally, 
monoids in a monoidal category). Finally, another important drawback of generalized 2- 
vector spaces is that, for arbitrary categories C and 2?, the category of morphisms between 
the corresponding generalized 2-vector spaces Hom2GVECTA'(V6ct/^[C], Vectx[2?]) may no 
longer be a generalized 2-vector space. For instance, if C = M[l], for some monoid M, and 
2? = 1, this category of morphisms is nothing but the category of finite dimensional linear 
representations of M, which is not a generalized 2-vector space for an arbitrary M . 

Acknowledgments. I would like to acknoweledge B. Toen for his many valuable com- 
ments, in particular, for pointing out to me the relation discussed in Section 4 between the 
constructions VectA'[C] and VECT^"". 
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